Available online at www.sciencedirect.com
- . . ]OURNAL OF
ScienceDirect SOUND AND

Easles VIBRATION
ELSEVIER Journal of Sound and Vibration 311 (2008) 243-253

www.elsevier.com/locate/jsvi

Vibration of microscale beam induced by laser pulse

Ai Kah Soh®*, Yuxin Sun®, Daining Fang®

#Department of Mechanical Engineering, University of Hong Kong, Hong Kong, PR China
®Department of Engineering Mechanics, Tsinghua University, Beijing 100084, PR China

Received 20 May 2006; received in revised form 18 August 2007; accepted 7 September 2007
Available online 17 October 2007

Abstract

In the case of ultra-short-pulsed laser heating, two effects become domineering. One is the non-Fourier effect in heat
conduction, and the other is the coupling effect between temperature and strain rate. In the present study, a generalized
solution for the coupled thermoelastic vibration of a microscale beam resonator induced by pulsed laser heating is
developed. The solution takes into account the above two effects. The combined finite sinusoidal Fourier and Laplace
transformation method is used to determine the lateral vibration of the beam. The effects of laser pulse energy absorption
depth and reference temperature have been studied.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Excitation of thermoelastic waves by a pulsed laser in solid is of great interest to many researchers due to
extensive application of pulsed laser technologies in material processing and non-destructive detecting and
characterization. When a solid is illuminated with a laser pulse, absorption of the laser pulse results in a
localized temperature increase, which in turn causes thermal expansion and generates a thermoelastic wave in
the solid [1,2].

The so-called ultra-short lasers are those with pulse duration ranging from nanoseconds to femtoseconds in
general [3,4]. In the case of ultra-short-pulsed laser heating, two effects become domineering. One is the non-
Fourier effect in heat conduction, which is a modification of the Fourier heat conduction theory. In most
engineering applications of conventional laser heating using a relatively low energy flux and long pulse
duration, the conduction heat transfer has been successfully modeled by the Fourier theory. Rapid
developments on laser techniques, such as the high-intensity and ultra-short duration laser beam, however,
have introduced situations where very large thermal gradients or an ultra-high heating speed may exist at the
boundaries. In such cases, as pointed out by many investigators, the classical Fourier model, which leads to an
infinite propagation speed of the thermal signal, is no longer valid [5-6]. The non-Fourier effect of heat
conduction takes into account the effect of mean free time (thermal relaxation time) in the energy carrier’s
collision process, which can eliminate this contradiction. The other is the coupling between temperature and
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strain rate, which causes transfer of mechanical energy associated with the stress wave to thermal energy of the
material. And this process is irreversible.

To-date, the classical Fourier heat conduction theory is widely employed, whereas, the non-Fourier
heat conduction theory is seldom used, for the study of microscale beams. At present, there are two
different theories of the generalized thermoelasticity: the first was developed by Lord and Shulman (L-S) [7],
and the second by Green and Lindsay (G-L) [8]. The former theory is based on the modified Fourier’s law
of heat conduction, and implements one relaxation time. Whereas, the latter theory was established by
modifying both the energy equation and the Duhamel-Meumann relation and implementing two relaxation
times.

The classical Fourier heat conduction equation is a parabolic equation, whereas, the non-Fourier heat
conduction equation is a hyperbolic equation, which is much more complicated to solve. By employing the
L-S model, Hany et al. [9] obtained the distributions of thermal stresses and temperature for a generalized
thermoelastic problem in which an infinite elastic space was subjected to the influence of a continuous line
source of heat. The solution of the problem was obtained by applying the Hankel and Laplace integral
transforms successively. Mohamed et al. [10] adopted the state space approach to solve one-dimensional
problems in generalized thermoelasticity using one relaxation time. The said technique was applied to a
thermal shock half-space problem and a layered medium problem. Tang [11] considered transient heat
conduction in a finite medium exposed to a pulsed surface heating using the generalized macroscopic
conduction model. The analytical solution was obtained using the Green’s function method and finite integral
transformation technique.

Micro- and nano-mechanical resonators have attracted considerable attention recently due to their
many important technological applications. Accurate analysis of various effects on the characteristics of
resonators, such as resonant frequencies and quality factors, is crucial for designing high-performance
components. Many authors have studied the vibration and heat transfer process of beams. Kidawa [12]
has studied the problem of transverse vibrations of a beam induced by a mobile heat source. The analytical
solution to the problem was obtained using the Green’s functions method. However, Kidawa did not
consider the thermoelastic coupling effect. Boley [13] analyzed the vibrations of a simply supported
rectangular beam subjected to a suddenly applied heat input distributed along its span. Manolis and Beskos
[14] examined the thermally induced vibration of structures consisting of beams, exposed to rapid surface
heating. They have also studied the effects of damping and axial loads on the structural response. Al-Huniti
et al. [15] investigated the thermally induced displacements and stresses of a rod using the Laplace
transformation technique.

The above-mentioned papers have hardly studied the vibration of microscale beam resonators induced by
ultra-short-pulsed laser by considering the thermoelastic coupling term. In the present study, a generalized
solution for the coupled thermoelastic vibration of a microscale beam resonator induced by pulsed laser
heating is developed. The finite sinusoidal Fourier transformation combined with Laplace transformation is
used to obtain the lateral vibration of the beam. Moreover, the effects of different laser pulse durations and
beam thicknesses are also studied.

2. Problem formulation

Since beams with rectangular cross-sections are easy to fabricate, such cross-sections are commonly adopted
in the design of MEMS resonators. Consider small flexural deflections of a thin elastic beam of length
L(0<x< L), width b(—b/2<y<b/2) and thickness i(—h/2<z<h/2), for which the x, y and z axes are defined
along the longitudinal, width and thickness directions of the beam, respectively. In equilibrium, the beam is
unstrained, unstressed, and at temperature 7, everywhere.

In the present study, the usual Euler—Bernoulli assumption [16] is adopted, i.e., any plane cross-section,
initially perpendicular to the axis of the beam, remains plane and perpendicular to the neutral surface during
bending. Thus, the displacements are given by

dw

u= —za, v=0, wx,y,z1)=w,1). (1)
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The differential equation of thermally induced lateral vibration of the beam may be expressed in the form:

o*w Pw My
El—+pA—+—-+=0, 2
o P et o @
where EI, p, w, x, t and M+ denote the bending rigidity, density, lateral beam deflection, distance along the
length of the beam, time and thermal moment, respectively; = Eo/(1/2v), in which « is the coefficient of
thermal expansion, £ is Young’s modulus of the material of the beam, § = T—Tj, is the temperature increment

of the resonator, 7(x,z,t) is the temperature distribution in the beam and 7 is the reference temperature:

h/2
T = bﬁ/ 0(x,z,t)zdz. 3)
—h)2

Assume that K = M7 /bph* = ffsz 0zdz/h*, thus, Eq. (2) can be expressed as
El* o*w o%w 62
—_— h— = 0. 4
12 6x4+ 6t2+ﬁ @
The initial temperature distribution in the beam is 7(x,z,0) = Ty, i.e., 0(x,z,0) = 0. From z = 0, the upper
surface (z = h/2) of the beam is heated uniformly by a laser pulse with non-Gaussian form temporal profile, as

shown in Fig. 1, as follows:
t t
1) = %e p(— ) 5)
p P

where 1, is a characteristic time of the laser-pulse, I, is the laser intensity which is defined as the total energy
carried by a laser pulse per unit cross-section of the laser beam.

In accordance with Ref. [11], the conduction heat transfer in the beam can be modeled as a one-dimensional
problem with an energy source Q(z,f) near the surface, i.e.,

0.0 =5 e (T )10 = 5 e (2 ), ©

2
2 B A

where ¢ is the absorption depth of heating energy and R is the surface reflectivity.
The non-Fourier heat conduction equation involving the thermoelastic coupling term has the following form:

20 du, ol Ouy,
ki + 0z, 1) = pe, 5+ BTo 5" ” S topc, o +roﬁT0$, %)

where k, ¢, and 7 are the thermal conductiv1ty, spec1ﬁc heat at constant volume and relaxation time, respectively.
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Fig. 1. The temporal profiles of the heating laser with different pulse durations.
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Substituting Egs. (1) and (6) into Eq. (7) yields,
0’0 9°0 1— Rl <z—h/2 t)
ex

Tttt e 5
00 o*w %0 otw
=Pz, Topz ax2g; TToPCgz T oﬁza el ®)
There is no flow of heat across the upper and lower surfaces of the beam, i.c.,
00
— = =4h/2.
3 0, z h/ )
Multiplying Eq. (8) by z/A% and integrating it with respect to z from —h/2 to h/2, yields
a2 21 %0 oK h o'w ’K
VAL, T TAA. DA, VAL
k/h/zhzazz —ragy T Tob 550 ~Tra g
h o*w  1—=RIyt 1 (h+26)+ (h—26)eh/? t
tolbeer Ty 2 KO0 ) =0 (10)

For a sufficiently thin beam, assuming that the temperature increment varies as sin(pz) along the thickness
direction, where p = =n/h, thus, we obtain

1 [t w2 _ 00 1 ("% 12%
K=— szz_— 0" / }:——/ ———=zdz. 11
hZ /_11/2 hp |: | h/2 a |—h/2 p2 _h/z h2 622 ( )
Substituting Eq. (11) into Eq. (10) yields,
0’K 5 aK Toph O*w O’K  toToph o*w
- _ K — Y —
ko ~ ke vor T2 e P YT ower
1 — RIot(1+2a)+ (1 —2a)el/ t
2 2h e(1/a) P\, T 0 (12)
4

where a = d/h.
The governing equations for the coupled thermoelastic problem are as follows:

Eh264w 62w ,Bhaz
o T
’°K 5 0K  Toph Ow O’K  toToph d*w
oz~ K = et o P YT 1o axtor (13)
1= RIpi(1 +2a) + (1 — 2a)eV/? ool — L) — o
"2 2h e/ P\,,) =

3. Analytical solutions

In this manuscript, a beam with both ends simply supported and isothermal is considered. Eqgs. (13) are
solved using the combined finite sinusoidal Fourier and Laplace transformations (Refs. [17,18]). The
boundary conditions are as follows:

Wly—o = Wly=r =0,

ow 0w

ot [0 =g her =0

Kly=o = Ky=1 = 0. (14)
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The initial conditions are:

ow
Wli—o =0, §|;=0 =0,
oK (15)
Kl =0, E|t:0 =0.
A finite sinusoidal Fourier transformation can be employed to solve Egs. (13) as follows:
W(m, 1) = fOL w(x, ) sin (?) dx,
16)
L . /MnX (
Kn(m, ) = [ K(x,1)sin (T)dx.
The inverse of the transformations are as follows:
x mmnx
w(x, 1) =2 W(m, t)sin( —— |,
[o¢]
K,)=2 S Kp(m,t)sin (@)
m=1,3,... L

Note that the boundary conditions for w and K are automatically satisfied.

By substituting Egs. (16) into Egs. (13), and implementing the initial conditions given by Eqgs. (15), we
obtain:

62 W,  EW )
6t2 —i—ﬁr Wy — r=PhK,,
0K, Tofhr*dw 0’K
2 m m m
k(> + p*) K + pes 3 o TTPha (18)
10 ToBhr?®* wy 1= R(1+2a)+ (1 — 2a)eV/ 11 () — o
' 12 or? r e(l/a) tlz,h -
Wm|1 0 — 0,
aw
- |z 0 — 0
Km|t=0 =0
0K,
5 =0 =0 (19)

where r = mn/L, m = 1,3,5,....
Eqgs. (18) can be simplified as follows:

62 n
W + Ale - AZKm = 0,
or 20)
0K, ow, K %w
A3K,, + A +As— "+ 4 + A 4 Agre-t0) = 0,
31+4a s TAva 7atz+86 ’
The coefficients in Eq. (20) are given by
El*r* r2Bh Tophr?
A = Ay = Ay = k(r* 4+ p?), Ay =pc,, As=
1=, b , 0 (" +p°), As=pc, As o
Tophr? 1—RIy(1+2 1 — 2a)el/®
Ag = topcy, A7 = T ofhr Ay = Lo (A +20) +( a)e

12 Ty 2h el/a ’ @0
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By applying Laplace transformation to Egs. (20), we obtain
$2 W + A1 — 42K,y = 0,
As (22)

AsK, + AssK,y, + Assivy, + A2 Ky + A7520, + ——=0
(s+1/tp)

By solving Eqgs. (22), we obtain

N by
Wm = co + 15+ 25?2 + 353 + cast + 585 + 450’ (23)
where
by = — A2 Ast,
co = A14s,
c1 =241 A3ty + A1 Ay + A As,
¢y = A\ AL + 2(A1Ag + Ay As)lp + A1 Ag + A A7 + As,
3 = (41 Ag + A2 A5)ty + 2(As + A1 A + Az A7)ty + A,
¢4 = (A3 + A1 Ag + Ay A7)0 + 2Asty + A,
¢s = Aaty + 2A¢ty,
cs = A6t;. (24)

By inversing the Laplace transformation of Eq. (23), the deflection w,,(m,?) is obtained as follows:

boe“’
o ’ 25
Winlom, 1) Z c1 + 20000+ 3c302 + 4eqo’ + Sesat 4 6¢60° e

o

where o is the solutions of the following equation:

co + 1o+ 0% 4 307 + cqot + 50’ + ¢ = 0. (26)
Substituting Eq. (25) into the first of Egs. (17), the flexural deflection of the beam is obtained as follows:
o0
boe™ . /mux
=2 (%55). 27
w(x, 1) m; ; c1 + 2cr00 4 3c302 + deqo’ 4 Sesat + 6cg0° - L @7)

4. Analysis of the calculation results

In the present work, the effect of reference temperature on the vibration characteristics is studied. Based on
Refs. [19-21], the material parameters of Si changes with temperature, as shown in Table 1. In the current
calculation, the size of the beam is kept unchanged, i.e., L/h = 10, b/h = 1/2, h = 10 um. The relaxation time is
7o = 107"%s, and the energy intensity of the laser pulse is I, = 1000 J/m?>. For different values of a, which is
related to the absorption depth, the beam absorbed different amount of energy and it vibrates in different
manners.

Table 1
Material parameters for different reference temperatures

E(GPa) p(kg/m?) K(W/(mK)) C(J/kgK) a(x 107°K ™)
To=293K 165.9 2330 156 713 2.59

To= 500K 163.3 2325 80 832 3.614
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Figs. 2 and 3 show the midspan deflection and temperature increment, respectively, for various values of
a = 6/h. The laser pulse duration and reference temperature are assumed to be ¢, = 79 = 10~"%s and room
temperature (i.e., 7o = 293 K), respectively. Since the vibration of beam varies with time, in order to capture
different vibration modes, the vibration curves are plotted for two time zones.

The non-Fourier effect can be clearly seen in Figs. 2 and 3, which show that in the beginning an abrupt
increase of the deflection and temperature of the microscale beam occur and subsequently they reduce to zero.
However, after a comparatively long lapse of time, they begin to vibrate periodically. Note that the sudden
jump of deflection is much smaller than the vibration amplitude. Moreover, it is obvious that the abrupt
increase of deflection decreases with increasing a, which is related to the energy absorption depth. This is
because an increase of a will decrease the energy concentration in the beam. In addition, the deeper the
absorption depth is, the more quickly the temperature distribution in the beam approaches uniformity. It is
important to note that by varying the value of «, the vibration amplitude of deflection and temperature vary,
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Fig. 2. Midspan deflection of a microscale beam for different values of @ = d/h: (a) time range = 0-1x 107'"s; (b) time range
t=0-1x10"%s.
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Fig. 3. Midspan temperature increment of a microscale beam for different values of a = /h: (a) time range 7 = 01 x 10™"'s; (b) time
range ¢ = 0—1 x 107%s.

while the vibration frequency remains the same. This means that the laser pulse does not change the intrinsic
frequency.

Figs. 4 and 5 show the plots of midspan deflection and temperature increment versus time, respectively,
for two different values of reference temperature 7. The laser pulse duration and energy absorption depth
are assumed such that 7, = 79 = 107'%5 and @ = 1/10, respectively. It can be seen that a microscale beam
subjected to a higher reference temperature needs more time to reach the equilibrium state, i.c., the period is
longer and, thus, the frequency is smaller. However, the vibration frequency seldom changes when
the coupling effect between the strain rate and temperature field is ignored. This can be attributed to the
effect of thermoelastic coupling, which shows some damping characteristics. It can be seen from Table 1 that
the thermal parameters k, ¢, and o change significantly with time, which lead to the change of vibration
frequency.
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Fig. 4. Midspan deflection of a microscale beam for different reference temperatures Ty: (a) time range 1 = 0—1 x 10™'"s; (b) time range
t=0-1x1075s.

5. Conclusion

The vibration of a simply supported Euler—Bernoulli beam induced by a non-Gaussian form laser pulse has
been studied. When a beam is heated by a laser pulse, the variation of temperature field and lateral vibration
occur due to the thermoelastic coupling effect. The analytical solution to this problem has been obtained using
the combined finite sinusoidal Fourier and Laplace transformation method.

In the present study, the non-Fourier effect of heat condution is accounted for and the thermal wave
model is adopted. The effects of laser pulse energy absorption depth and reference temperature have
been analyzed. It is important to note that after an abrupt increase of midspan deflection and temperature
in the beginning, the beam reaches a quasi-steady vibration quickly, which clearly shows the non-Fourier
effect.
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